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THE C A L C U L A T I O N  O F  ELECTRON DENSITY PROFILES FROM 
TOPSIDE IONOGRAMS USING A DIGITAL COMPUTER 

J . O .  Thomas and D. Westover 
Radioscience Laboratory 

S tan fo rd  U n i v e r s i t y  

I .  I n t r o d u c t i o n  

The Canadian t o p s i d e  sounder "Alouet te"  was launched i n t o  
o r b i t  around the  e a r t h  on September 29, 1962 [C.D.R.T.E. 
(1962) ,  Warren (1962) ,  Thomas (1963) l .  
from t h i s  s a t e l l i t e  have been r ece ived  a t  S t an fo rd  U n i v e r s i t y  
s i n c e  December 4, 1962 so  t h a t  ionograms g i v i n g  the v a r i a t i o n  
o f  t h e  v i r t u a l  depth o f  r e f l e c t i o n  o f  r a d i o  waves r e f l e c t e d  by 
t h e  tops ide  o f  t h e  ionosphere a s  a f u n c t i o n  of  t h e i r  f requency,  

f ,  ( h  ( f )  c u r v e s )  have been a v a i l a b l e  on a r o u t i n e  b a s i s  s i n c e  
t h a t  d a t e ,  D e t a i l s  concerning t h e  c o n s t r u c t i o n ,  o p e r a t i o n  and 
o r b i t  c h a r a c t e r i s t i c s  o f  t h e  s a t e l l i t e  can be found i n  the re-  
f e r e n c e s  quoted above. The program of  o b s e r v a t i o n  and a des- 
c r i p t i o n  o f  t h e  ionograms recorded a t  S t an fo rd ,  t o g e t h e r  w i t h  

ii bib l iography of  papers  publ i shed  i n  the  t o p s i d e  sounder f i e l d  

to d a t e  (August 1963) a r e  p re sen ted  i n  a n o t h e r  Techn ica l  R e -  
p o r t  i n  the S tanford  E l e c t r o n i c s  L a b o r a t o r i e s  S e r i e s  (Thomas 
and Sader 1963). These t o p s i d e  ionograms c o n t a i n  in fo rma t ion  
about  t h e  d i s t r i b u t i o n  of  e l e c t r o n  d e n s i t y  w i t h  h e i g h t  i n  the  
lower exosphere, a d e t a i l e d  knowledge o f  which i s  extremely 
important  f o r  t h e  phys ic s  o f  t h e  ionosphe re .  The d e r i v a t i o n  
of t h e  e l e c t r o n  d e n s i t y  in fo rma t ion  from t h e  ionogram i s ,  how- 
eve r ,  a complicated procedure and i s  b e s t  c a r r i e d  out  on a 
d i g i t a l  c o m p u t e r .  T h i s  r e p o r t  p r e s e n t s  i n fo rma t ion  concern- 
i n g  such a program which h a s  been ar ranged  f o r  t h e  S tanford  
IBM 7090 d i g i t a l  computer u s i n g  the method suggested by 
Thomas, Long, and Westover (1963).  The development and t e s t -  

Telemetered s i g n a l s  

1 
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ing o f  t h e  program t o g e t h e r  with d e t a i l s  concerning the oper-  
a t i o n a l  procedures  to be employed for conver t ing  an  ionogram 
i n t o  a n  e l e c t r o n - d e n s i t y  p r o f i l e  ( N ( h )  cu rve )  a r e  desc r ibed  
i n  d e t a i l  below. 

11. Desc r ip t ion  of t h e  c a l c u l a t i o n  

The problem of conver t ing  v i r t u a l  height-frequency re -  
cords ,  ( h  (f) curves )  produced by ground-based ionosondes t o  
e l e c t r o n  dens i ty-he ight  p r o f i l e s  ( N ( h )  c u r v e s )  has been the 
s u b j e c t  of a l a r g e  number of papers  i n  ionosphe r i c  phys i c s  and 
h a s  been solved i n  a number o f  ways. The corresponding re- 
d u c t i o n  of t h e  r eco rds  l i k e l y  t o  be obtained by a n  ionosonde 
s i t u a t e d  i n  a v e h i c l e ,  such a s  a rocke t  or s a t e l l i t e ,  immersed 
i n  t h e  plasma above t h e  peak o f  t h e  F2 l a y e r ,  though b a s i c a l l y  
s i m i l a r  i n  n a t u r e ,  i nvo lves ,  however, some i n t e r e s t i n g  f e a t u r e s  
not  encountered i n  the  a n a l y s i s  of ground-based d a t a .  These 
d i f f e r e n c e s  have been o u t l i n e d  i n  a r e c e n t  paper  by Thomas, 
Long and Westover (1963) i n  which a method f o r  conve r t ing  t h e  
t o p s i d e  sounder obse rva t ions  i n t o  e l e c t r o n  d e n s i t y  p r o f i l e s  was 
p re sen ted .  T h i s  method i s  descr ibed b r i e f l y  below and forms 
the  b a s i s  o f  t h e  Stanford IBM 7090 d i g i t a l  computer program for 
t h e  c a l c u l a t i o n  of e l e c t r o n  dens i ty  p r o f i l e s  from t o p s i d e  ion-  
ograms. 

1 

The q u a n t i t i e s  recorded i n  t o p s i d e  sounder experiments  a r e  
t he  v i r t u a l  depths  o f  r e f l e c t i o n  of r a d i o  p u l s e s  i n c i d e n t  
normally on the  upper F region a s  a f u n c t i o n  of f requency,  f ,  

and these w i l l  be r e f e r r e d  t o  a s  t h e  observed h ( f )  d a t a .  The 
N ( h )  p r o f i l e  corresponding to the observed h ( f )  curve i s  ob- 
t a i n e d  u s i n g  t h e  assumption t h a t  t h e  complete r e a l  h e i g h t  curve 
can be r ep resen ted  by a polynomial i n  ( fN- fo )  where f N  i s  the  

plasma frequency and f o  i s  the value of f N  a t  the  v e h i c l e ,  
T h i s  polynomial i s  the one of lowest degree i n  ( fN- fo )  which 
caii prioduce the  observed v i r t u a l  depths  of r e f l e c t i o n  so  t h a t  
t he  method produces t h e  smoothest p o s s i b l e  r e a l - h e i g h t  curve 
which can e x p l a i n  t h e  experimental  o b s e r v a t i o n s .  It i s  assumed 

1 

1 
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t h a t  t h e  plasma frequency, f o ,  a t  t h e  v e h i c l e  i s  known. 
q u a n t i t y  may be r e a d i l y  der ived  a c c u r a t e l y  from measurements 
of t h e  f requencies  a t  which plasma sp ikes  a r e  observed [Lock- 
wood (1962), Thomas & Sader (1963) ] .  These sp ikes  t o g e t h e r  
w i t h  t h e  cyc lo t ron  sp ikes  may a l s o  be used t o  c a l c u l a t e  t h e  
magnetic dip angle  I, and t h e  gyro frequency for e l e c t r o n s ,  
a t  t h e  l o c a t i o n  o f  t h e  s a t e l l i t e  which a r e  r e q u i r e d  i n  t h e  
c a l c u l a t i o n .  I n  p r a c t i c e ,  however, s u f f i c i e n t  accuracy i n  t h e  
der ived  N ( h )  p r o f i l e s  may be obta ined  by u t i l i z i n g  e x t r a p o l a -  
t i o n s  of the magnetic f i e l d  a s  measured a t  t h e  ground. 

T h i s  

The bas i c  procedures  of t h e  polynomial method can be used 
i n  two d i s t i n c t  ways. I n  t h e  f i r s t  method, which we s h a l l  r e -  
f e r  t o  a s  t h e  
f i l e  i s  approximated t o  by a s i n g l e  polynomial,  so  t h a t  h ( f )  

da t a  covering t h e  whole of t h e  r e l e v a n t  plasma frequency range 
i s  u t i l i z e d .  T h i s  method f o r  t h e  case  of monotonic p r o f i l e s  
i s  more accu ra t e  t h a n  a lamina t ion  method w i t h  t h e  same number 
of readings  o f  h 

vantage t h a t  i n  p r a c t i c e  only a few obse rva t ions  of  h a r e  
necessary .  The second method, which we s h a l l  r e f e r  t o  a s  t h e  

over lapping  polynomial" method can be made, i n  p r a c t i c e ,  a s  
a c c u r a t e  a s  i s  d e s i r a b l e  and i s  s u i t a b l e  f o r  t h e  a n a l y s i s  of 
h ( f )  curves  conta in ing  cusps .  I n  t h i s  case ,  r a t h e r  more 
r e a d i n g s  w i l l  be r equ i r ed  from t h e  h ( f )  curve t h a n  would be 
necessary f o r  t h e  s i n g l e  polynomial method, bu t  where t h e  i n -  
creased accuracy a v a i l a b l e  by t h e  ove r l app ing  polynomial method 
i s  r equ i r ed ,  then  i t  i s  t h e  b e s t  method t o  use  and i s  i n  gen- 
e r a 1  t h e  one which i s  a p p l i e d  f o r  t h e  a n a l y s i s  of h ( f ' )  da t a  
obta ined  a t  S t an fo rd .  T h i s  r e p o r t  i s  concerned only  w i t h  t h e  
s i n g l e  polynomial method. A d i s c u s s i o n  o f  t h e  d e t a i l s  r e l a t i v e  
t o  t h e  overlapping polynomial method i s  p re sen ted  elsewhere,  
(Thomas and Westover 1963). 

1 1  I 1  
s i n g l e  polynomial method, t h e  complete N(h) pro-  

1 

1 
( T i t h e r i d g e  1961) .  It h a s  t h e  d i s t i n c t  ad- 

I 

11 
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1 
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b 11.1. S p e c i a l  Problems i n  Topside Sounder h i  ( f )  Analys is  

It i s  assumed throughout t h a t  t h e  ionosphere i s  uniform 
and t h a t  t h e r e  a r e  no g r a d i e n t s  of  i o n i z a t i o n  i n  any d i r e c t i o n  
o t h e r  t h a n  t h e  v e r t i c a l .  The mathematical  problem involved i n  
deducing an  N ( h )  p r o f i l e  f r o m  t h e  observed t o p s i d e  h ( f )  curve 
d i f f e r s  from t h e  corresponding problem f o r  t h e  case  of  a ground- 
based ionosonde i n  s e v e r a l  important  r e s p e c t s  which a r e  o u t -  

1 

l i n e d  below. 

F i r s t ,  t h e  t r a n s m i t t e r  i s  immersed i n  the  ionosphere ,  so 
t h a t  a l l  v i r t u a l  depths  a r e  measured n o t  from a r e g i o n  where 
t h e  plasma frequency i s  zero,  bu t  f rom a r e g i o n  where t h e  
plasma frequency has  some f i n i t e  , non-zero va lue ,  which we 
s h a l l  c a l l  f o .  
loss of  accuracy to apply d i r e c t l y  any of the e x i s t i n g  h ( f )  

to N ( h )  r e d u c t i o n  techniques  developed f o r  t h e  a n a l y s i s  of 
ground-based ionograms , un les s  fozo , s i n c e  the  expres s ion  
which i s  used a s  t h e  s t a r t i n g  b a s i s  f o r  t h e s e  methods f o r  t h e  
Ordinary r a y ,  f o r  example, t akes  t h e  form 

For t h i s  reason, i t  i s  not p o s s i b l e  wi thout  
1 

I 
where c lo(f i , fN) i s  t h e  Ordinary  r a y  group r e f r a c t i v e  index a t  
t h e  wave frequency f i  and plasma frequency fN .  

which t h e  t r a n s m i t t e r  i s  immersed i n  t h e  medium, t h e  lower 
l i m i t  of t h i s  i n t e g r a l  i s  fo ,  and not  z e r o .  

I n  t h e  case  i n  

Secondly, the g r a d i e n t  dh/dfN a t  t h e  v e h i c l e  from which 
1 

t he  h ( f )  obse rva t ions  a r e  being made i s  f i n i t e ,  whereas i t  i s  
u s u a l l y  assumed ( T i t h e r i d g e ,  1961) t h a t  i t  i s  ze ro  a t  t h e  
bottom of  t h e  ionosphere (where N=o) i n  t h e  a n a l y s i s  of ground- 

based ionograms. 
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The c a l c u l a t i o n  descr ibed  i n  t h e  nex t  s e c t i o n  t a k e s  i n t o  
account t hese  s p e c i f i c  t o p s i d e  ionogram problems and may be 

used f o r  the  r e d u c t i o n  to N ( h )  p r o f i l e s  of cont inuous  t o p s i d e  
h ( f )  curves s i m i l a r  t o  t h o s e  obta ined  by t h e  Canadian t o p s i d e  
sounder Alouet te  or of “spot - f requency”  ionograms o f  t h e  kind 
to be obtained by t h e  proposed American t o p s i d e  sounder ,348 
(Knecht e t  a 1  1962) .  
d u c t i o n  of ground-based ionograms t o  e l e c t r o n  d e n s i t y  p r o f i l e s .  

I 

The method may a l s o  be used f o r  t h e  r e -  

11.2. Method o f  Analys is  

Throughout t h i s  s e c t i o n  t h e  fo l lowing  nomenclature i s  u s e d :  

r - 
hi - 

Ahi = 

plasma frequency a t  t h e  v e h i c l e  
r e a l  he igh t  measured from t h e  ground 
h e i g h t  o f  t h e  v e h i c l e  measured f r o m  the 
ground 
v i r t u a l  depth of  r e f l e c t i o n ,  measured pos- 
i t i v e l y  downward from the  v e h i c l e ,  of a 
r a d i o  wave o f  frequency f i ,  

r e a l  depth,  measured p o s i t i v e l y  downward 
f rom t h e  v e h i c l e ,  of t h e  l e v e l  a t  which t h e  
plasma frequency i s  f i .  

1 
Only t h e  method f o r  t h e  convers ion  of t h e  Ordinary r ay  h ( f )  
t r a c e  i n t o  an N ( h )  p r o f i l e  i s  considered i n  d e t a i l ;  t h e  Ex- 
t r a o r d i n a r y  ray  h ( f )  t r a c e  may be t r e a t e d  by a b a s i c a l l y  

1 

s i m i l a r  procedure which i s  i n d i c a t e d .  It i s  assumed t h a t  t h e  
r e a l  depths,  Ahi, and t h e  v i r t u a l  depths ,  hi, a r e  measured 
f r o m  t h e  l e v e l ,  ho, a t  which t h e  plasma frequency fN=fo, So 
t h a t  h=ho a t  f =f 

dh/df“  i s  f i n i t e ,  bu t  non-zero.  
then  be given a s  a f u n c t i o n  of plasma frequency,  f N ,  by t h e  
equa t ions  which f o l l o w :  

1 

It i s  a l s o  assumed t h a t  where fN=fo, N 0 ’  
The r e a l - h e i g h t  curve may 

- 10 - 



1 n 1  
n 0 0  0 

1 1 1 
h =  + a1 ( f o - f o )  + CY* ( f o - f o ) 2  + . . . . . c y  ( f  -f ) =QI 0 CYo 

I 

I ( f l - fo)  + cy2 1 ( f1-fo)2 + . . . . . C Y  1 (fl-fop n 
+ - 

hl - a. 

. 
n I I 1 2 1 

cyO n + CY1 ( f n - f o )  + CY2 ( f n - f o >  + *.*..cy ( f n - f o )  h =  n 

1 
Writ ing  cyn = -a  throughout,  t h e  r e a l  depths  of r e f l e c t i o n  
measured from t h e  v e h i c l e  may then  be w r i t t e n  

n 

h, - h = Ah l - Q I 1  - ( f  1 0  -f ) + a2(fl-fo)* + . . . an( f l - fo)n  1 

n i . e .  

Ah = a . ( fN- fo )  j ( 2 4  j=1 J 

These equa t ions  may be w r i t t e n  i n  m a t r i x  n o t a t i o n  a s  

where A i s  an  n by n mat r ix  w i t h  t h e  t y p i c a l  element - 

a i j  = ( f i - f o )  j 

It should be noted t h a t  ( 2 )  d i f f e r s  f r o m  t h e  correspond-  
i n g  expres s ion  g iven  by T i t h e r i d g e  (1961) i n  t h a t  Ah i s  g iven  
by a polynomial i n  ( f N - f o )  r a t h e r  t h a n  i n  fN, and t h a t  ( 2 )  

- 11 - 



a l lows  f o r  a f i n i t e  g r a d i e n t ,  dh/dfN, a t  t h e  v e h i c l e  ( o r  a t  t h e  
base o f  the ionosphere i n  t h e  case  of ground-based ionograms) .  

, 

1 
The v i r t u a l  d e p t h  hi a t  t h e  frequency fi  i s  g iven  by 

Ah, 

S u b s t i t u t i n g  the va lue  of d ( b h )  ob ta ined  from equa t ion  ( 2 a )  
g i v e s  

I 

where 

fi 1 

b ij = j j  r ' 0  ( f i , fN) ( fN- fo ) ' - ' d f  N 

(5) 

A s  before,  t h e  s e t  o f  equa t ions  r ep resen ted  by ( 5 )  can be 
w r i t t e n  i n  ma t r ix  n o t a t i o n  a s  

where i s  a n  n by n ma t r ix  w i t h  t y p i c a l  e lements  g iven  by ( 6 ) .  

Rela t ions  ( 3 )  and ( 7 )  may now be combined t o  g ive  

- C = (em1) i s  now an n by n m a t r i x  which depends only on 
t h e  f requencies ,  fo,fi ,  and on t h e  Ordinary ray  group r e f r a c -  
t i v e  index, 

I 

' 
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For t h e  case  o f  t h e  Ext raord inary  r ay  t r a c e ,  ( t h e  h x ( f )  1 

c u r v e )  t h e  procedure i s  b a s i c a l l y  t h e  same, bu t  (1) becomes 
1 

n 

1 dh 
X d f N  

(9) 

Where t h e  f r e q u e n c i e s  fxi and corresponding hxi I 

on t h e  Ext raord inary  ray  t r a c e  and f0  and f i  I a r e  t h e  plasma 
a r e  measured 

f r e q u e n c i e s  corresponding t o  t h e  f r e q u e n c i e s  f 

g i v e n  by 

and fxi xv 

i n  which fxv i s  t h e  frequency (measured on t h e  Ext raord inary  

t r a c e )  a t  which hx = 0 ,  fHv i s  t h e  value o f  t h e  gyro-frequency 
for e l e c t r o n s  a t  t h e  v e h i c l e  and fHi t h a t  a t  t h e  r e a l  h e i g h t  
o f  r e f l e c t i o n  of t h e  frequency fxi. Equat ion ( 6 )  then  becomes 

1 

f 

and t h e  equat ion  corresponding t o  (8)  i s  

(12) 

The c a l c u l a t i o n  o f  t h e  Ordinary and Ex t rao rd ina ry  r ay  r e f r a c -  
t i v e  i n d i c e s  IJ. 

I I 

0 
and 1-1, a r e  descr ibed i n  Sec t ion  I11 below. 

An a l t e r n a t i v e  form of the s o l u t i o n  i s  presented  i n  
Appendix I .  
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111. The c a l c u l a t i o n  of t h e  group r e f r a c t i v e  index  for t h e  
Ordinary and Ex t rao rd ina ry  r a y s  

' 
0 

For the c a l c u l a t i o n  of t h e  group r e f r a c t i v e  index p f o r  
t h e  Ordinary ray  and pX f o r  t h e  Ex t rao rd ina ry  r a y ,  t h e  mathe- 
m a t i c a l  formula t ions  of t h e  Appleton-Hartree equa t ions  a s  p re -  

1 

sented by Becker (1960)  a r e  used .  
reproduced below. 
so included,  (Becker (1963)) .  

The r e l e v a n t  equa t ions  a r e  
The expres s ions  f o r  p, when f < f H  a r e  a l -  

I 

The Appleton-Hartree formula f o r  t h e  r e f r a c t i v e  i n d i c e s  
of an ionized gas  may be w r i t t e n  

i n  which the s u f f i x e s  o and x r e f e r  to t h e  Ordinary and Ext ra-  
o rd ina ry  ray r e f r a c t i v e  i n d i c e s .  The upper s i g n  i n  t h e  square 
root term h o l d s  f o r  t h e  Ordinary and the lower f o r  t h e  Ext ra-  
o rd ina ry  wave component. Energy l o s s e s  by e l e c t r o n  c o l l i s i o n s  
a r e  neglec ted .  I n  (13) t h e  symbols used a r e  a s  follows. 

2 
f o  = plasma frequency =i 5 ; 
N 

e = charge o f  a n  e l e c t r o n ;  

m = mass of  an  e l e c t r o n ;  

= e l e c t r o n  d e n s i t y  pe r  ern 3 .  , 

v = 3-14  159 ... ; 
f = gyro frequency H 

H = t o t a l  i n t e n s i t y  of t h e  e a r t h ' s  magnetic 

f i e l d ;  



I = ang le  of i n c l i n a t i o n  of the  e a r t h ' s  mag- 
n e t i c  f i e l d ;  

f = f s i n  I; L H 

f cos  I; 'T= H 

f = frequency o f  obse rva t ion  

The Ordinary and Ext raord inary  group r e f r a c t i v e  i n d i c e s  
1 I 

and wX a r e  def ined  by 

where 

c = f r e e  space v e l o c i t y  of l i g h t  and 

U = Group v e l o c i t y  def ined  for t h e  o 
and x rays by t h e  a p p r o p r i a t e  s u f f i x e s .  

We may wr i t e  ( 1 4 )  a s  

where 

and 

2fE dNo,x 
d f 2  

+ - 

4fZfE l+fo/f  2 2  

7- 1 -f*/f 2 2  
U pJq- l-fo/f  

l-fo/f 2 2  

= 

N -2 . 
0,x 1 
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A Taylor  approximation t o  the  group r e f r a c t i v e  i n d i c e s  may, i f  

necessary,  be used for small  plasma f r equenc ie s  : 

The c o e f f i c i e n t s  A a r e  der ived  from equat ion  (15) and a r e :  
O J X  

A. ,x= 
4 

O J X  
N2 

1 .  

O J X  
N 

1 1 

111.1. Numerical c a l c u l a t i o n  of po and ~1~ 

It i s  u s e f u l  to def ine  (Shinn 1954, Becker 1959) 

0-ray 

I 

t = G  
0 

where 

2 2  t2 = l-fo/f  

X-ray 

where 

i n  which 

f R  2 = f 2 -f f 
x x H fx'fH 

2 2 fR = f +f f f <fH x x H  x 

where f x  i s  t h e  Ext raord in-  
a r y  frequency of obse rva t ion .  
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The Ordinary r ay  r e f r a c t i v e  index may be computed from: 

2 1+ 2tan  I 
I 

2 (-4 = > 
tR 2 2 t a n  I l+t 

where 

4 t a n  2 I . 
2 2 Y =  

yR cos I 

t h u s  

G = -  2 (19) 

where 

2 . 2tan2T . x - 1 -  R R- 
M = l+t 

We may w r i t e  

1 (I+ t a n 2 1  

l + Y  
o 2M1 

where 

2 2tan I M = 1 +  
1 1 +iF 



The l i m i t i n g  c a s e s  a r e :  

The Ext raord inary  r a y  r e f r a c t i v e  index  may be computed from 

B 1 -  

Where 

2 4 s i n  I . 
2 2 ’  C Y =  

( l + s i n  I )  

2 5 = 2 A + A  ’ 

fH y = -  
f R  

’ 

2 2 s i n  I , 
B =  2 ’  l + s i n  I 

2 l 3 .  
R fY ’ A = t  

where 



where 

4 tan21 . 
y = 2  2 9  

y cos I 
N1 = 2-y2cos21( 1+1=-) ; 

Again t h e  l i m i t i n g  cases  a r e  

2 
+ ; l i m  GR = l i m  ( l+xRAxR.)=l (25) nX 2 l i m  7 = tRO l + s i n  I t R 4 1  XR-O 

For p u r e l y  l o n g i t u d i n a l  propagat ion,  e .g .  fH=fL, fT=o 
t h e  p rev ious  formulae reduce t o :  

Curves of  both t h e  Ordinary and Ex t rao rd ina ry  group r e -  
f r a c t i v e  i n d i c e s ,  f o r  s e v e r a l  va lues  of I and f, a r e  reproduced 
and d iscussed  i n  Appendix 111. 
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1 1 1 . 2 .  Appl ica t ion  o f  the  Method 

A gene ra l  c o n s i d e r a t i o n  of t h e  accuracy o f  t he  polynomial 
method of a n a l y s i s  a p p l i e d  to normal ionograms h a s  been g iven  
by T i the r idge  (1961).  The same r e s t r i c t i o n s  app ly  to i t s  use  
f o r  t o p s i d e  ionograms, i n  t h a t  i f  the  polynomial i s  of too high 

a n  o r d e r  then a n  o s c i l l a t i n g "  N ( h )  curve i s  ob ta ined .  Too low 
a n  o r d e r  g ives  i n s u f f i c i e n t  va lues  for a curve to be w e l l  de -  

f i n e d .  I n  gene ra l ,  a polynomial of degree 4, 5, 6, 7 or 8 h a s  
been found t o  be most s a t i s f a c t o r y  and most of  the t e s t s  d e -  

v i sed  to check the method have been a p p l i e d  us ing  a f i f t h - d e g r e e  
polynomial. The method may be a p p l i e d  i n  two ways: 

f f  

( i )  The ma t r ix  - C may be computed once and f o r  a l l  for any 
g iven  set  o f  the  observ ing  f r equenc ie s ,  f i ,  f o r  a g iven  se t  of 
va lues  of f o ,  and f o r  any g iven  magnetic c o n d i t i o n s .  These 
m a t r i c e s  may be t a b u l a t e d  and used a s  desc r ibed  by Long and 
Thomas (1963) who have publ ished t a b l e s  of T i t h e r i d g e  c o e f f i c -  
i e n t s  f o r  t he  r e d u c t i o n  of  ground-based ionograms. C o e f f i c i e n t s  
c a l c u l a t e d  by t h e  method o f  Sec t ion  1 1 . 2 .  would be u s e f u l  f o r  
spot  frequency obse rva t ions  o f  t h e  t o p s i d e  o f  t h e  ionosphere 
and for the  r e d u c t i o n  of ionograms corresponding t o  cont inuous,  
cusp- f ree  tops ide  h ( f )  curves .  

1 

I n  Table I, t h e  ma t r ix  - C connec t ing  the  r e a l  depths  and 
the Ordinary Ray v i r t u a l  depths  a t  s i x  f r e q u e n c i e s  a t  t h e  mag- 
n e t i c  equator ,  i s  p re sen ted .  These c o e f f i c i e n t s  were computed 
for f o  = 1 Mc/s and for a set  of  f r equenc ie s ,  
t o  2 ,  3, 4, 5, and 6 Mc/s. I n  o r d e r  t o  compute the r e a l  depth 

a t ,  say,  a frequency o f  5 Mc/s, i t  i s  simply necessary  t o  mul- 
t i p l y  t h e  elements i n  the f o u r t h  row of Table I by the c o r r e s -  
ponding v i r t u a l  depths  a t  each frequency 2, 3 , .  . , .6 Mc/s and 
t o  form the sum. 

f i ,  corresponding 

- 20 - 
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TABLE I. 

Matrix C f(Mc/s) - 

2 0.81237 -0,42971 0.27360 -0.10114 0.01608 

3 0.46142 0.24168 0.05278 -0.02551 0.00450 

4 0.28116 0.17605 0.38741 -0.04977 0.00703 

5 0.23428 0.03256 0.35593 0.22375 -0.00233 

6 0.15521 0 13330 0.05396 0.32906 0 19538 

Table I .  The ma t r ix  C connecting t h e  real depth: and t h e  Orai-  
nary r a y  v i r t u a l  depths  a t  s ix  f r e q u e n c i e s  a t  t h e  magnetic 
e q u a t o r .  

- 
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For t h e  r e d u c t i o n  of l a r g e  numbers of ionograms, however, 
+ 

i t  i s  bes t  t o  compute t h e  ma t r ix  - C and t o  c a r r y  ou t  t h e  e n t i r e  
c a l c u l a t i o n  i n  a d i g i t a l  computer. Examples of p r o f i l e s  com- 
puted from ionograms i n  t h i s  way a r e  p re sen ted  i n  a l a t e r  sec-  
t i o n .  

Although t h e  s i n g l e  polynomial method p a r t i c u l a r l y  a s  
a p p l i e d  t o  t o p s i d e  ionograms i s  l i k e l y  t o  be s u f f i c i e n t l y  
a c c u r a t e  f o r  most purposes ,  g r e a t e r  accuracy may be achieved 
( a t  on ly  a r e l a t i v e l y  small  cos t  i n  terms o f  e x t r a  da t a  p o i n t s  
r e q u i r e d )  by the  method referred t o  i n  (ii) below. 

may be appl ied  by f i t t i n g  a s e r i e s  of polynomials ,  i n  over -  
l app ing  small  f requency ranges ,  t o  the  o b s e r v a t i o n s  i n  t h e  
manner descr ibed by T i t h e r i d g e  (1961) i n  h i s  "modified" poly-  
nomial method. The procedure i s  desc r ibed  i n  a s e p a r a t e  pub- 
l i c a t i o n  i n  t h i s  s e r i e s  of r e p o r t s  (Thomas and Westover 1963). 
These cusps may a r i s e  because t h e  N ( h )  p r o f i l e  i s  n o t  smooth, 
but  con ta ins  l edges  or d i s t i n c t  changes of s lope ,  o r ,  under  
c e r t a i n  c i rcumstances,  a t  n i g h t ,  even w i t h  a smooth exponen- 
t i a l  t ype  l a y e r ,  when t h e  plasma frequency a t  t he  v e h i c l e  ap- 
proaches the gyro-frequency f o r  e l e c t r o n s  ( s e e  S e c t i o n  V.2). 

(ii) If  t h e  t o p s i d e  ionogram shows cusps,  t he  a n a l y s i s  

- 22 - I 



. 
IV. T e s t s  of t h e  method - t h e  accuracy of t h e  c a l c u l a t i o n s  

1 
i n  o r d e r  to check t h e  method and i t s  accuracy,  an  h ( f )  

curve may be c a l c u l a t e d  f o r  a g iven  N ( h )  p r o f i l e  of the kind 
l i k e l y  to be observed i n  t h e  upper F r e g i o n .  The c a l c u l a t e d  
h ( f )  p o i n t s  may tnen  be u s e d . a s  t h e  s t a r t i n g  da ta  and an  N ( h )  

p r o f i l e  der ived  by t h e  method of S e c t i o n  11.2. T h i s  c a l c u l a t e d  
p r o f i l e  may t h e n  be compared with t h e  o r i g i n a l  assumed model. 
The d e t a i l s  of t h e  r e d u c t i o n  a r e  descr ibed  below. 

1 

I V . l .  Model c a l c u l a t i o n s  

S e v e r a l  models f o r  t h e  N(h) d i s t r i b u t i o n  were assumed, 
For a n  exponen t i a l  model, we may w r i t e  

where No i s  t h e  va lue  o f  N a t  t h e  l e v e l  o f  the v e h i c l e ,  H i s  
t h e  s c a l e  h e i g h t  and Ah = ho - h i s ,  a s  b e f o r e ,  t he  r e a l  depth 
of r e f l e c t i o n  of  the  r a d i o  wave, s o  t h a t  A h  i s  t h e  v e r t i c a l  
d i s t a n c e  measured p o s i t i v e l y  downward from t h e  l e v e l  a t  which 
f N  = f o .  
h t  ( f )  curve i s  of t h e  form (Budden 1961) 

For  the case  o f  no magnetic f i e l d ,  t h e  corresponding 

n 

1 -1 lo h = 2H SeCh - f 

A s e r i e s  of' virtim.1 height curves  were c a l c u l a t e d  f o r  a 
number of va lues  o f  H, and f o J  cor responding  to p o s s i b l e  ion-  
o s p h e r i c  models of t h e  kind which might be encountered i n  prac-  
t i c e .  
I t  t o p s i d e "  c o e f f i c i e n t s  c a l c u l a t e g  by t h e  method of Sec t ion  11.2 
f o r  t h e  no-magnetic f i e l d  case .  
1 i n  which the  cont inuous l i n e  i s  t h e  o r i g i n a l  h ( f N )  curve,  
computed from (28)  w i t h  fo  = 1 . 0  Mc/s. 

These h l ( f )  curves  were reduced to N ( h )  curves  us ing  

An example i s  g iven  i n  F igure  

The corresponding top -  
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Figure  1: 

cont inuous  l i n e  r e p r e s e n t s  t h e  assumed t o p s i d e  e l e c t r o n  d e n s i t y  model. 
The lower,  broken curve  i s  t h e  c o r r e s p o n d i n g  Ordinary  r a y  h t ( f )  c u r v e  
c a l c u l a t e d  f o r  t h e  n o - f i e l d  c a s e .  
puted by the t e c h n i q u e  d e s c r i b e d  i n  the p a p e r .  
o r i g i n a l  p r o f i l e  can be recovered  a c c u r a t e l y .  

T e s t  of t h e  method of 1 1 . 2 ,  ( e x p o n e n t i a l  model ) .  The upper ,  

The c i r c l e s  r e p r e s e n t  t h e  p o i n t s  com- 
It w i l l  be seen  t h a t  t h e  

- 24 - 



n 

s i d e  Ordinary r a y  h l ( f )  curve computed f r o m  (29 )  i s  shown a s  
t h e  lower curve i n  Figure 1 and the c i r c l e s  show the  r e a l  
depths  obta ined  us ing  t h e  " t o p s i d e "  c o e f f i c i e n t s  der ived  by 
t h e  method of Sec t ion  11 .2 .  It i s  c l e a r  t h a t  t he  h ( f N )  curve 
obta ined  us ing  t h e s e  c o e f f i c i e n t s  ag rees  c l o s e l y  w i t h  the  o r i g -  
i n a l ,  i n d i c a t i n g  t h a t  t h e  method works to a s u f f i c i e n t l y  high 
degree of accuracy.  

I n  these c a l c u l a t i o n s ,  i t  was assumed t h a t  fo  was known 
and i t s  value determined which ma t r i ces ,  c a l c u l a t e d  f o r  d i f f e r -  
e n t  va lues  of fo,  were used i n  the  r e d u c t i o n .  I f  fo  i s  not  i n  
f a c t  known, it may be determined by ana lyz ing  t h e  Ordinary and 
Ex t rao rd ina ry  ray  h 1  ( f )  curves us ing  s e t s  of c o e f f i c i e n t s  cor-  
responding t o  s e v e r a l  va lues  o f  f o .  The va lue  of f o  which l e a d s  
to the two r e s u l t i n g  N(h) curves be ing  most n e a r l y  the  same w i l l  
be t h e  plasma frequency a t  the v e h i c l e .  

Fu r the r  examples a r e  given below of the  way i n  which an  
assumed p r o f i l e  may be  recovered from t h e  der ived  h ' ( f )  curve 
c a l c u l a t e d  for a number of model ionospheres .  

For a pa rabo l i c  rea l -depth  model, t he  model i t s e l f  i s  r e -  
presented  by : 

Ah = 

and the  corresponding expression for t h e  n o - f i e l d  Ordinary ray 
v i r t u a l  depth curve a t  t h e  magnetic equator  i s :  

f 
(F) 

-1 f h '  = y (-) tan11 
f c  C 

Where : 

= semi-thickness of t h e  l a y e r  Ym 
fc = c r i t i c a l  frequency of t h e  l a y e r  
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Figure 2 shows t h e  t h e o r e t i c a l  h '  and Ah curves  f o r  such 
a model, w i t h  ym = 100 k i lometers ,  f c  = 6.5 Mc/s. The plasma 
frequency a t  the s a t e l l i t e  i s  assumed to be 1 Mc/s. The c i r -  
c l e d  p o i n t s  on the f i g u r e  r e p r e s e n t  the  va lues  of Ah obta ined  
us ing  values  o f  hl  from t h e  c a l c u l a t e d  h' curve and u s i n g  t h e  
method of s e c t i o n  11 .2  to reduce them t o  Ah v a l u e s .  

Figure 3 i l l u s t r a t e s  t h e  r e s u l t s  of  t he  method of s e c t i o n  
1 1 . 2  a s  appl ied  t o  a square law model of  t h e  form 

2 Ah = Cf 

2 h '  = 2Cf (33) 

where c i s  an  a r b i t r a r y  c o n s t a n t ,  i n  t h i s  case  chosen t o  be 10. 

The plasma frequency at t h e  s a t e l l i t e  i s  assumed to be 0 Mc/s. 

Ca lcu la t ions  f o r  b o t h  Ordinary and Ex t rao rd ina ry  r a y s  were 
a l s o  c a r r i e d  ou t  a l lowing for t h e  e f f e c t  of t h e  e a r t h ' s  mag- 
n e t i c  f i e l d .  Figure 4 shows t h e  h;(f)  and h $ f )  curves  cor -  

responding to a Chagman l a y e r  computed by Doupnik (1963). 
expres s ion  used f o r  t h e  Chapman l a y e r  i s :  

The 

Where : 

fn = c r i t i c a l  frequency o f  the l a y e r  
" 

hmax= he ight  above ground corresponding t o  fN(max) 

H = s c a l e  h e i g h t  o f  t h e  l a y e r  

The h ( f )  p o i n t s  der ived  by t h e  7090 program descr ibed  
i n  Appendix I V ,  u s ing  t h e s e  h ' ( f )  cu rves  a s  d a t a ,  a r e  shown i n  

- 26 - 



0 

100 
E 

-A= 

c3 z 

s 

a 
a' 
20c 

30C 

Assumed model profile 
000 Computed points using 
method of $1.2 

I I I I I 1 
I 2 3 4 5 6 

fN MC/S 

Figure  2 :  T e s t  of  t h e  method of 1 1 . 2 ,  ( p a r a b o l i c  model ) .  The upper ,  
con t inuous  l i n e  r e p r e s e n t s  t h e  assumed t o p s i d e  e l e c t r o n  d e n s i t y  model. 
The lower,  broken curve  i s  t h e  corresponding Ordinary  ray h'(f) curve  
c a l c u l a t e d  for t h e  n o - f i e l d  case .  The c i r c l e s  r e p r e s e n t  t h e  point:: com- 
puted  by the t echn ique  descr ibed  i n  t h e  p a p e r .  It w i l l  be Seen t h a t  t h e  
o r i g i n a l  p r o f i l e  can be recovered a c c u r a t e l y .  
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Figure  3:  T e s t  of t h e  method of 1 1 . 2 ,  ( s q u a r e  law model ) .  The upper ,  
cont inuous  l i n e  r e p r e s e n t s  t h e  assumed t o p s i d e  e l e c t r o n  d e n s i t y  model. 
The lower,  broken curve i s  t h e  co r re spond ing  Ordinary  r a y  
c a l c u l a t e d  f o r  t h e  n o - f i e l d  c a s e .  The c i r c l e s  repr lesent  the point:; com- 
puted by the technique  d e s c r i b e d  in t h e  pape r .  It w i l l  be seen t h a t  t h e  
o r i g i n a l  p r o f i l e  can be recovered  a c c u r a t e l y .  

h f ( f )  curve  
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Figure  4. 
curves  c a l c u l a t e d  for I = 6 0  
model ( e q u a t i o n  34 )  used by Doupnik ( 1 9 6 3 ) .  

The Ordinary and g x t r a o r d i n a r y  r a y  v i r t u a l  d e p t h  
fH = 0.9686 Mc/s for t h e  Chapman 
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f i g u r e  5. The parameters  used i n  t he  c a l c u l a t i o n  were: 

f C  = 5.05 MC/S 

hma x = 250 km (above ground) 

H = 100 km 

I - - 60' 

f H  ( a t  t h e  s a t e l l i t e )  = 0.9686 Mc/s 

The c a l c u l a t e d  p o i n t s  a r e  seen t o  be on t h e  assumed i n i -  
t i a l  p r o f i l e ,  i n d i c a t i n g  t h a t  t h e  c a l c u l a t i o n  s a t i s f a c t o r i l y  
r ecove r s  t he  assumed known f N ( h )  curve ,  for both t h e  Ordinary 
and Ext raord inary  r a y s .  

For the  case  o f  t he  Ext raord inary  r ay ,  c a r e  must be t a k e n  
t o  provide adequate ly  f o r  t h e  v a r i a t i o n  of fH w i t h  h e i g h t .  
T h i s  problem i s  d iscussed  i n  Appendix V I .  
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Figure  5. The Chapman model r e a l - h e i g h t  p r o f i l e  used by 
Doupnik (1963) i s  shown a s  a con t inuous  l i n e .  The c a l c u l a t e d  
r e a l  h e i g h t s  ob ta ined  by the method of 11 .2  u s i n g  t h e  Ordinary  
and Ex t rao rd ina ry  r a y s  are shown by c i r c l e s  and c r o s s e s  re-  
s p e c t i v e l y .  The e r r o r s  between t h e  c a l c u l a t e d  p o i n t s  and the 
t r u e  p r o f i l e  a r e  i n  l a r g e  measure due t o  t h e  i n a b i l i t y  t o  make 
a c c u r a t e  he ight - f requency  measurements from t h e  smal l  f i g u r e s  
i n  t h e  Doupnik r e p o r t .  
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IV.2. T e s t s  o f  t h e  o rde r  of the polynomial to be used 

I f  the o r d e r  of t h e  polynomial employed to desc r ibe  the  

N ( h )  p r o f i l e  i s  too high ,  t h e n  o s c i l l a t i o n s  w i l l  occur  i n  t h e  
de r ived  curve, and these w i l l  be u n r e l a t e d  t o  any a c t u a l  changes 
i n  s lope  which may be p resen t  i n  t h e  ionospher ic  p r o f i l e .  
i s  t h e r e f o r e  d e s i r a b l e  to i n v e s t i g a t e  t h e  o r d e r  o f  the polynom- 
i a l  which will g i v e  t h e  d e s i r e d  accuracy .  
f o r  the case o f  an  exponen t i a l  p r o f i l e  i s  descr ibed  below. 

It 

Such an  i n v e s t i g a t i o n  

The model used i s  def ined  by 

f 2 = f o e  2 Ah/H 
N (35) 

w i t h  fo  = 1 Mc/s and H = 100 km.  

depths  a re  g iven  by 
The corresponding v i r t u a l  

f -1 0 h '  = 2 H  sech f 

The e f f e c t  of  varying t h e  o r d e r ,  n ,  of t h e  polynomial 

n 
Ah = C " . ( f N  - f o ) J  

j=1 J (37) 

i s  i n v e s t i g a t e d  f o r  t h e  model above and the  r e s u l t s  presented  
i n  Table 11. 

It should be noted t h a t  t he  numbers g iven  i n  the  l a s t  c o l -  
umn of Table I1 a r e  c a l c u l a t e d  a s  percentages  of the  r e a l  depth,  
Ah, and not of t h e  a l t i t u d e ,  h,  above the  ground. 
= 1000 km, t h e  r e a l  he igh t  percentage  e r r o r  i s  always l e s s  t h a n  
t h e  value i n d i c a t e d  i n  t h e  l a s t  column. For example, i n  t h e  
f i r s t  row o f  Table I1 below, t h e  r e a l  h e i g h t  percentage  e r r o r  
would be approximately 1.6/4 = 0.4%. The f o u r t h  column g i v e s  
Ah ca l cu la t ed  by t h e  method o f  Thomas, Long and Westover (1963) 
a s  descr ibed i n  t h i s  r e p o r t  and r e f e r r e d  to a s  T.L.  & W .  The 

Assuming ho 

- 32 - 



f i f t h  column g i v e s  t h e  d i f f e rence  

D = Ah(mode1) - Ah(T.L. 8c W . ) .  

The s i x t h  column g i v e s  

D’Ah ( mode 1 ) x 100% 

It i s  c l e a r  from a n  examination of t h e  magnitude of t he  
q u a n t i t y ,  D, and of  the  $ e r r o r s  given i n  t he  l a s t  column of 
Table  I1 t h a t  va lues  of n=4, 5, 6, 7, or 8 g ive  t h e  b e s t  r e -  
s u l t s .  Thus, f o r  t he  case of t h e  tops ide  ionosphere i n  which 
t h e  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  i s  be l ieved  to be exponen t i a l  
i n  form, t h e  p r o f i l e  may be  derived to a high degree of accu- 
racy by us ing ,  say,  a polynomial o f  o r d e r  4 to 8.  

I V . 3 .  I n v e s t i g a t i o n  of  e r r o r s  due t o  i n a c c u r a c i e s  i n  r ead ing  
t h e  h f ( f )  r eco rds  

I n  p r a c t i c e ,  i t  i s  l i k e l y  t h a t  t h e  most s e r i o u s  e r r o r s  
which w i l l  a r i s e  i n  t h e  N ( h )  c a l c u l a t i o n  w i l l  d e r i v e  from 
t h e  f a c t  t h a t  observa t ions  of t h e  v i r t u a l  he igh t  and frequency 
w i l l  con ta in  random e r r o r s  due to i n a c c u r a c i e s  i n  reading  h f  

and f from the  experimental  r e c o r d s .  It i s  important  to i n -  
v e s t i g a t e ,  p a r t i c u l a r l y  i n  the case of the s i n g l e  polynomial 
method, t he  e f f e c t s  of inc luding  random e r r o r s  o f  t h i s  k ind .  

I n  o r d e r  t o  i l l u s t r a t e  t h e  e f f e c t  of  such e r r o r s ,  the  

h i  if) p r o f i l e  of  F ig .  I. was p e r t u ~ b e d  i n  t h e  fo l lnwing  manner: 
Five sets of  random numbers were genera ted ,  each s e t  con ta in -  
i n g  f i v e  numbers, corresponding t o  t h e  f i v e  sample p o i n t s  on 
t h e  h f  ( f )  curve,  each random number, RN, i n  each s e t ,  hav- 
i n g  the p rope r ty  
were t h e n  a l g e b r a i c a l l y  added to t h e  t r u e  value of  h f  a t  t h e  
corresponding sample frequency, f ,  and the  f i v e  per turbed  

]RNl s 10 km. The f i v e  numbers i n  each s e t  
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h t ( f )  curves converted t o  h ( f )  cu rves .  Table  I11 shows t h e  
f i v e  s e t s  o f  random numbers used i n  t h e  p e r t u r b a t i o n ,  and Table  
I V ,  i n  conjunct ion  w i t h  F ig .  6, summarizes t h e  e f f e c t  o f  the  
e r roneous  r ead ings ,  t aken  on t h e  h ' ( f )  curve ,  on the  r e s u l t -  
a n t  h ( f )  cu rve .  

Secondly, an  observed h t ( f )  curve f o r  t h e  l o c a t i o n  
of Stanford was t aken  and t h i s  curve was sampled i n  a number 
of d i f f e r e n t  ways. The e f f e c t  of app ly ing  a s i n g l e  polynomial 
of o r d e r  6 i n  which two d i f f e r e n t  s e t s  of h f  da t a  p o i n t s  
chosen along t h e  curve were used i s  i l l u s t r a t e d  i n  F ig .  7 .  It 
i s  q u i t e  c l e a r  t h a t ,  i n  p r a c t i c e ,  f o r  most purposes  i n  which 
a rough comparison of p r o f i l e s  a t  widely spaced l o c a t i o n s  on 
the  e a r t h  i s  d e s i r a b l e ,  i t  i s  probably s u f f i c i e n t l y  a c c u r a t e  
t o  use a s i n g l e  polynomial method w i t h  o r d e r  4, 5, 6, or 7 .  
I f ,  however, s p e c i a l  a t t e n t i o n  i s  t o  be pa id  t o  t h e  "k inks"  
which may occur  i n  t h e  t o p s i d e  p r o f i l e ,  t hen  i t  i s  best  t o  use  
t h e  overlapping polynomial method even though t h i s  i nvo lves  
r a t h e r  more r ead ings  from t h e  h l ( f )  curve (Thomas and West- 
over  1963). I n  F i g .  8, t h e  p r o f i l e s  ob ta ined  from a n  observed 
t o p s i d e  ionogram us ing  the  s i n g l e  polynomial method i n  which 
bo th  t h e  Ordinary and Ex t rao rd ina ry  r a y s  have been converted 
t o  g ive  e l e c t r o n  d e n s i t y  da t a  a r e  shown. It i s  seen t h a t  t h e  
r e s u l t s  obtained f r o m  both  curves  a g r e e .  
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. 
TABU I1 

‘i hI i  Ahi Ahi D % 
Mc/s I.an (model) (TL&W ) lan 

526.78 277.25 272.78 4.46 1.60 n=4 2 

3 
4 

705.09 439.44 437 73 1.70 -38 
825.37 554.51 552.80 1.70 .30 

5 916.97 643.77 643.18 58 09 

526.78 277.25 273.97 3.27 1.18 n=5 . 2 

3 705.09 439.44 438.05 1.38 -31  
4 

6 

825.37 554.51 553.32 1.18 . 2 1  

5 916.97 643.77 643.01 - 75 .11 

991.15 716.70 715.66 1.03 .14 

277.25 274.71 2.53 -91  
705.09 439.44 438.30 1.13 25 

5 916.97 643.77 643.09 67 .10 

n=6 2 526.78 
3 

825.37 554.51 553.60 90 .16 4 

6 991.15 716.70 716.05 .64 .08 
7 1053.56 778 0 36 777.97 .38 .04 

526.78 277.25 275.21 2.03 73 
3 705.09 439.44 430.49 . Y Y  .2i 
4 825.37 554.51 553.78 72 .12 

7 1053 56 778.36 777.94 .41 05 

n=7 2 
nfi I, n 

5 916.97 643.77 643.22 54 .08 
991.15 716.70 716.23 .46 .06 6 

8 1107.46 831.77 831.39 37 .04 

- 35 - 



TABLE I1 (continued) 

hIi Ah 9- D k 
Mc/s lan ( m o d e l )  (TL&W ) km 
fi 

n= 8 2 

3 
4 
5 
6 
7 
8 
9 

526.78 
705.09 
825 37 
916.97 
991 15 
1053 56 
1107.46 
1154.90 

277 -25 
439.44 
554.51 
643.77 
716.70 
778.36 
831.77 
878.88 

275 57 
438.63 
553 90 
643.18 
716.05 
777 69 
831.81 
877 75 

1.67 .60 
.80 .18 
.60 .10 
58 .09 
.64 .08 
.66 .08 

- .04 - .oo 
1.12 .12 

n=9 2 

3 
4 
5 
6 
7 
8 
9 
10 

526.78 
705 09 
825.37 
916 -97 
991 15 
1053.56 
1107.46 

1197.28 
1154.90 

277.25 
439.44 
554 51 
643 77 
716.70 
778 36 
831.77 
878.88 
921.03 

275.84 
438 9 75 
553.89 
643.21 
715.07 
778 53 
831.76 
866.39 
947.08 

1.40 
.68 
.61 
55 

1.62 
- .17 
.oo 

12.48 
-26.05 

50 
15 
.11 
.08 
.22 

- .02 
. 00 
1.42 
-2.82 

n=10 2 

3 
4 
5 
6 
7 
8 
9 
10 
11 

526.78 
705 09 
825.37 
916.97 
991 15 
1053 0 56 
1107.46 
1154.90 
1197.28 
1235.58 

277 -25 
439.44 
554 51 
643.77 
716.70 
778.36 
831.77 
878.88 
921.03 
959 15 

275.64 
438.65 
554.00 
643.04 
716.82 
780.96 
822.72 
885 95 

1047.05 
905.26 

1.60 
78 
50 
72 

- .12 
-2.60 
9.04 
-7.07 
15 76 
-87.90 

57 
17 
.09 
.11 

- .01 
-.33 
1.08 
- .80 

-9.16 
1.71 

- 
I 
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Figure  6.  To i l l u s t r a t e  t h e  accuracy  o f  t h e  method. The 
e f f e c t  upon t h e  computed r e a l  h e i g h t s  of i n t r o d u c i n g  random 
errors i n t o  t h e  h ' ( f )  curve of  F ig .  1 i s  i n d i c a t e d  i n  t h e  
diagram. 
and t h e  t a b u l a t e d  Ah r e s u l t s  appea r  i n  Table  I V .  

The magnitude of the random e r r o r s  appea r  i n  Table  I11 
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TABLE I11 

P 

E r r o r  1 E r r o r  2 E r r o r  3 

-0.691 -3.946 -1.958 
-3.027 4.070 5.308 

-4.512 8.966 6.396 
-1.360 4.423 -0.160 
9.636 6.979 0.212 

~~ 

Sample 
Frequency 

2.0 
3.0 
4 . 0 
5.0 
6.0 

1 
I Error 41 E r r o r  5 

3.059 ' -3.100 
-0.346 -4.314 
-2.846 2.041 
-7.491 9 639 
-5.065 4.562 

Table 111 Five s e t s  of random numbers which were a l g e b r a i c -  
a l l y  added t o  t h e  v i r t u a l  h e i g h t  p r o f i l e  of  F ig .  1 t o  o b t a i n  
5 perturbed h ( f )  p r o f i l e s .  
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TABLE I V  

Sample I True h(f 
Freauency Profile 2 

I I I I 
E r r o r  i n  
P r o f i l e  3 

2.0 

3.0 
4.0 
5.0 
6.0 

273 376 2.781 2.469 -1.429 
438.059 -0.633 -1.156 0.846 
553 -324 1.889 -2.310 3.862 
643 .OOg 1.691 -1.425 2.863 
715 665 1.288 2.503 0.870 

I I I I 

2.528 
1.348 
0.034 
-1.973 
-3.181 

-1.014 
-2.588 
-1.286 
2.006 
3 117 

Table  I V .  The t r u e  h ( f )  p r o f i l e  cor responding  to t h e  hl(f) 
curve  of Fig .  1, t o g e t h e r  with the e r r o r s  r e s u l t i n g  i n  t h e  

h ( f )  p r o f i l e  due t o  random e r r o r s  i n  r e a d i n g  t h e  h f ( f )  cu rve .  
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Figure  7 .  
made a t  S t an fo rd  a t  20.5'2.23 GMT on 7 December 1962. The r e a l  
h e i g h t  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  i s  p l o t t e d  i n  the form of 
a curve o f  Ah, a g a i n s t  plasma f requency  where Ah i s  t h e  r e a l  
depth  o f  r e f l e c t i o n  below the v e h i c l e .  

Topside N ( h )  p r o f i l e  deduced from A l o u e t t e  o b s e r v a t i o n s  

X 
A R e s u l t s  ob ta ined  from a second s e t  o f  e x t r a o r d i n a r y  r a y  

R e s u l t s  ob ta ined  from one s e t  of  e x t r a o r d i n a r y  r a y  samples 

samples t a k e n  from t h e  same h $ f )  cu rve  



V. Some t y p i c a l  r e s u l t s  showing N ( h )  p r o f i l e s  deduced from 
observed Alouet te  t o p s i d e  soundings recorded a t  S t an fo rd  

V. 1. Daytime o b s e r v a t i o n s  : 

The main f e a t u r e  of daytime p r o f i l e s  observed nea r  
S tanford  i s  t h a t  on most occasions t h e  cu rves  a r e  q u i t e  smooth 
and c o n t a i n  no k inks  corresponding to abrupt  changes of s lope  
i n  t h e  N ( h )  p r o f i l e .  Examples of such p r o f i l e s  reduced by t h e  
method descr ibed  i n  t h i s  r e p o r t  were shown i n  F i g s .  7 and 8. 
The ionogram used for t h i s  r educ t ion  i s  shown i n  F ig .  9. The 
form of t h e  h * ( f )  curves  a t  n igh t ,  however, i s  q u i t e  d i f f e r -  
e n t  and i t  i s  u s u a l l y  observed t h a t  a very l a r g e  cusp r e f e r r e d  

occur s  on t h e  Ext raord inary  r a y  t r a c e .  Some ex- to a s  
amples of t h e s e  curves  a r e  shown i n  F ig .  10. It i s  shown i n  
t h e  next  s e c t i o n  t h a t  t h e  n ight - t ime curves  assume t h i s  shape 
a s  a n a t u r a l  consequence of t h e  behavior  of t h e  r e f r a c t i v e  i n -  
dex f o r  t h e  Ex t rao rd ina ry  r a y  whenever t h e  plasma frequency 
n e a r  t h e  v e h i c l e  approaches t h e  gyro-frequency f o r  e l e c t r o n s .  
Curves i l l u s t r a t i n g  t h e  behavior o f  t h e  Ordinary r a y  r e f r a c t i v e  
index  f o r  a v a r i e t y  of  cond i t ions  a r e  g iven  i n  Appendix I11 and 
may be compared w i t h  t h e  corresponding curves  for t h e  Ext ra-  
o r d i n a r y  r ay  a l s o  g iven  i n  t h a t  Appendix. 

fbx  

V.2. The f o r m  of t h e  tops ide  ionograms a t  n i g h t  

Figure 11 shows Ext raord inary  r a y  t o p s i d e  ionograms 
c a l c u l a t e d  i n  t h e  manner descr ibed i n  Appendix V f o r  a s e r i e s  
of e x p o n e n t i a l  models g iven  by (28)  so t h a t  

h - -  
2 200 f e  f N =  o 

where, a s  be fo re ,  h i s  t h e  r e a l  h e i g h t  measured from t h e  
ground, f N  i s  t h e  plasma frequency and f o  t h e  va lue  o f  f N  

a t  the  v e h i c l e .  I n  t h e s e  models, f o  was g iven  a s e r i e s  of 
d i f f e r e n t  va lues  so t h a t  t h e  form of t h e  t o p s i d e  curve 
could be examined a s  f o  approached t h e  gyro-frequency f o r  
e l e c t r o n s .  

h $ ( f )  
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Figure  8.  
made a t  S t a n f o r d  a t  20.52.23 GMT on 7 December 1962. The r e a l  
h e i g h t  e l e c t r o n  d e n s i t y  d i s t r i b u t i o n  i s  p l o t t e d  i n  t h e  form Of  
a curve o f  Ah, a g a i n s t  plasma f requency  where Ah i s  t h e  r e a l  
depth  of r e f l e c t i o n  below t h e  v e h i c l e .  

Topside N ( h )  p r o f i l e  deduced from A l o u e t t e  o b s e r v a t i o n s  

X 
0 

R e s u l t s  o b t a i n e d  from a set  of e x t r a o r d i n a r y  r a y  samples 
R e s u l t s  o b t a i n e d  fron! a se t  of  o r d i n a r y  r a y  samples from 
t h e  same ionogram 
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I n  o r d e r  t o  compute h ' ( f )  t h e  procedure descr ibed  
X 

i n  Appendix V was used ,  T h i s  i nvo lves  thy  e v a l u a t i o n  o f  t h e  
fo l lowing  i n t e g r a l  i n  which a = ( l - f  '/f 2 5  ) 

v R  

h $ ( f )  = eH!'tR'a - R d t R  
tR=o XR 

An examination O f  t h e  GR/XR v e r s u s  tR curves  corresponding 
to t h e  Ext raord inary  r a y  curves shown i n  Appendix I11 i n d i c a t e s  
t h a t  a s  t h e  plasma frequency a t  t h e  v e h i c l e  approaches t h e  
gyro-frequency f o r  e l e c t r o n s  the a rea  under t h e  a p p r o p r i a t e  
curve f i r s t  i n c r e a s e s  r a p i d l y ,  t hen  decreases  (producing t h e  

of F ig .  10)  before  i n c r e a s i n g  a g a i n  corresponding cusp 
to t h e  i n f i n i t y  i n  t h e  h x ( f )  curve a t  t h e  c r i t i c a l  frequency 
o f  the  l a y e r .  
though there  i s  no cusp or sudden change o f  s lope  i n  t he  N(h) 
p r o f i l e .  Figure 11 shows t h a t  a s  t he  e l e c t r o n  d e n s i t y  f a l l s  
a t  t h e  l e v e l  of  t he  s a t e l l i t e  from i t s  daytime value t o  t y p i c a l  
n ight - t ime va lues ,  t h a t  i s ,  a s  t h e  plasma frequency a t  t h e  
v e h i c l e  approaches t h e  gyro-frequency, the  form o f  t he  h f  ( f )  

curve changes from t h e  smooth type  of v a r i a t i o n  observed i n  
t h e  daytime to t h e  cusp s t r u c t u r e  a l r e a d y  shown i n  F i g .  10. 

The frequency a t  which t h e  cusp occurs  and the v i r t u a l  depth 
a t  t h i s  frequency depend on the  r e l a t i v e  magnitudes o f  t h e  
plasma frequency a t  t h e  vehic le  and t h e  gyro-frequency a s  w e l l  
a s  on t h e  a b s o l u t e  magnitude of t h e  gyro-frequency and the d i p  
ang le ,  a l though t h e  dependence on t h e  l a t t e r  i s  not  marked a s  
i s  shown i n  curves i n  F ig .  12. It i s  c l e a r  from t h e  a n a l y s i s  
p re sen ted  immediately above t h a t  i t  would be wrong to i n t e r p r e t  
obse rva t ions  of t he  kind shown i n  F ig .  10 a s  i n d i c a t i n g  a kink 
i n  t h e  N ( h )  p r o f i l e  un le s s  t he  Yrequericy a t  xhlch the X-ray 
has  zero range i s  w e l l  above the  gyro-frequency. The daytime 
k inks  corresponding t o  f i e l d  a l i g n e d  ledges o f  i o n i z a t i o n  a r e  
q u i t e  d i f f e r e n t  i n  f o r m  f rom t h e  kinks r e f e r r e d  t o  i n  t he  n i g h t -  
t i m e  ionograms. These daytime k inks  a r e  i l l u s t r a t e d  i n  exam- 
p l e s  shown i n  a companion r e p o r t  (Thomas & Sader  1963). 

'bx 1 

Thus, a cusp i s  obta ined  i n  the  h i ( f )  curve even 

Appendix V desc r ibes  t he  technique used to syn thes i ze  
t h e  t h e o r e t i c a l  h f ( f )  curves shown i n  F i g s .  11 and 12.  
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F i g u r i  11: A n a l y t i c a l l y  syn thes iyed  t o p s i d e  h i ( f )  c u r v e s  f o r  a S e r i e s  
of aL.:umed c~xpont r i t in l  p r o f i l e s  w i t h  a s c a l e  h e i g h t  o f  200 km, c a l c u l a t e d  
f o r  s e rL icd  of vdlue: of  f o  w i t h  I = oo,  and fHv = 0.6  M c / s .  The> 

v a l u e s  o f  fo ar3c for t y p i c a l  daytime .h:(f) c u r v e s  (fo 1.26, 0.95 Me/:), 
t r a n s i t i o n a l  c u r v e t  between n i g h t  and day ( f o  = .46, .40, .34 Me/-) and 
t y p i c a l  n ight - t ime curveL ( f  0 = .26, Only t h e  upper  p a r t  O f  

t h e  h L ( f )  curve5 a r e  shown. 
.18 Mc/s). 
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Mc/s 

The dependence of t h e  v i r t u a l  dep th  a t  t h e  cusp f requency ,  

N ( h )  d i s t r i b u t i o n  w i t h  a s c a l e  

F i g u r e  12:  

fbx, on t h e  h ' ( f )  t r a c e  of n i g h t  t ime t o p s i d e  ionograms upon t h e  magnet ic  
d i p  a n g l e ,  I, assuming an  exponen t i a l  
h e i g h t  o f  200 h, and fHv = 0.95 Mc/s. f = 1.0 Mc/s. 

X 

xv 
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APPENDIX I 

An a l t e r n a t i v e  form ol' t h e  s o l u t i o n  of t h e  h l ( f )  - N ( h )  

conversion problem f o r  t o p s i d e  ionograms i s  g iven  below: 

We w r i t e  

s o  t h a t  

2 d f n  n n  h = C Y '  + a ' f  + Qi$fn ........ n 0 I n  

a = - C Y '  t hen  w r i t i n g  n nJ  

2 2  
j q  = CY ( f  -f ) + CY ( f  -f ) + . . . . . . . a  an(fy-f:) ho - hl 1 1 0  2 1 0  

2 2  n n  
= CY ( f  -f ) + CY ( f  -f ) + ........ an(fn- fo)  l n o  2 n o  ho - hn = ahn 

i . e .  

T h i s  may be w r i t t e n  i n  ma t r ix  f o r m  and, subsequent ly ,  a 
s i m i l a r  procedure adopted t o  t h e m o n e  desc r ibed  i n  S e c t i o n  1 1 . 2 .  
The ma t r ix  A would aga in  be an n by n ma t r ix ,  b u t  w i t h  a typ-  

j - f:) r a t h e r  t h a n  a i c a l  element a = ( f i  
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APPENDIX I (cont inued)  

The method presented i n  Sect ion 11.2.  i s  l i k e l y  to be more 
accu ra t e ,  however, s ince  f o r  a given value of  h ' ,  the  c o e f f i -  
c i e n t s  a would have t o  b e  computed t o  a very high order  of 
accuracy i f  t he  form ai5 = ( f i  - fi) i s  used.  5 i j  

The au tho r s '  a t t e n t i o n  has  r e c e n t l y  been drawn t o  an 
a r t i c l e  by Knecht, van Zandt, and Watts (1962) i n  which a 
method s i m i l a r  t o  t h a t  out l ined i n  t h i s  Appendix i s  suggested 
a s  a s o l u t i o n  to t h e  tops ide  h ' ( f )  t o  N ( h )  conversion problem. 
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APPENDIX 11. CALCULATION OF THE MATRIX ELEMENTS 
b i j  

The c a l c u l a t i o n  of  the  ma t r ix  e lements  b i j  i n -  
vo lves  the computation o f  t he  group r e f r a c t i v e  index  
T h i s  may be  eva lua ted  f o r  t h e  Ordinary and Ext raord inary  r a y s ,  
f o r  d i f f e r e n t  magnetic c o n d i t i o n s  from t h e  Appleton-Hartree 
magneto-ionic theory  us ing  s tandard  procedures  ( s e e  f o r  exam- 
p l e  Thomas and Vickers  1959, T i t h e r i d g e  1961).  

p ’ .  

s u b s t i t u t i n g  

we have 

I 2 
cLO = G o / t  = G o /  \I l-f:/fi 

.i-1 

The in t eg rand  remains f i n i t e  a t  t h e  upper l i m i t  
i f  the  s u b s t i t u t i o n  f N  = f i  s i n  8 i s  made, g i v i n g :  

S i m i l a r l y ,  t he  expres s ion  f o r  b i j  i n  t h e  case  

o f  t h e  Extraordinary ray  becomes 
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, 

where t h e  Go and GR a r e  computed a s  descr ibed  i n  Sec t ion  111. 
The numerical  procedure f o r  c a l c u l a t i n g  t h e  above 

i n t e g r a l s  i s  c a r r i e d  out  us ing  Simpson's r u l e .  The s t e p  s i z e  
used i n  t h e  i n t e g r a t i o n  i s  p rogres s ive ly  halved u n t i l  t h e  d i f -  

f e r ence  between two successive va lues  'of t h e  i n t e g r a l  becomes 
less t han  a s p e c i f i e d  amount. 
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APPENDIX 111. THE GROUP REFRACTIVE INDICES L A  AND ~4 
I n  o r d e r  t o  i l l u s t r a t e  t h e  behavior  o f  the group 

r e f r a c t i v e  i n d i c e s  f o r  t h e  Ordinary and Ex t rao rd ina ry  r a y s ,  
and c l i  r e s p e c t i v e l y ,  i t  i s  convenient  t o  work i n  terms PA 

o f  t h e  parameters Go and G R  a s  f u n c t i o n s  of tR* where 

The equa t ions  for Go and GR a r e  t h o s e  pre-  
sen ted  i n  S e c t i o n  111. A v a r i a t i o n  o f  tR from 0 t o  1 

impl i e s  a v a r i a t i o n  o f  

a r e  p l o t t e d  for a s e r i e s  o f  va lues  of  magnetic d i p  ang le ,  I .  

of f H  ranging from 4fH t o  0.5f,. 

from f t o  0 .  f o  
I n  F igs .  A I I I . l  through A I I I . 1 8 ,  t h e s e  q u a n t i t i e s  

The frequency f assumes a s e r i e s  o f  m u l t i p l e  va lues  

Foot not  e : 

* A s  t ( s e e  p .  16 )  i s  equa l  t o  tR f o  

tR i s  appropr i a t e  a s  a common paramet 
r t h e  o r d i n a r y  
e r .  
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APPENDIX I V .  DESCRIPTION OF COMPUTER PROGRAM 

A flow c h a r t  of the  computer program t o  c a r r y  o u t  
t h e  c a l c u l a t i o n s  necessary  for the  r e d u c t i o n  of v i r t u a l  depth  
p r o f i l e s  to r e a l  depth  p r o f i l e s  appea r s  i n  F i g .  A I V - 1 .  I n  t h e  
flow c h a r t  XRAY r e f e r s  to t h e  Ex t rao rd ina ry  r a y  and W Y  r e f e r s  
to t h e  Ordinary r a y .  

desc r ibed  he re  t o  make t h e  flow c h a r t  ( F i g .  A I V - 1 )  unde r s t andab le .  
The program makes use  of  a number of subprograms 

MUXRAY: T h i s  subrout ine  computes t h e  group r e f r a c t i v e  
index  f o r  t h e  Ext raord inary  r a y .  
MUMRAY: T h i s  subrout ine  computes t h e  group r e f r a c t i v e  
index  f o r  t h e  Ordinary r a y .  
INTEGRATE: T h i s  subrout ine  u s e s  a Simpson's r u l e  i n t e -  
g r a t i o n  t o  e v a l u a t e  t h e  i n t e g r a l  ( s e e  Appendix 11): 

-1 s i n  (fo/fi)  

INTEGRATE c a l l s  e i t h e r  MUXRAY or MUWAY, n e i t h e r  of t h e  l a t t e r  
two subrou t ines  be ing  formally c a l l e d  by t h e  main program. 

p rov ides  f o r  au tomat ic  r educ t ion  of i n t e g r a t i o n  v a r i a b l e  s t e p  
s i z e ,  i n  a d d i t i o n  t o  comparison of  t h e  c u r r e n t  va lue  of  t h e  
i n t e g r a l  w i t h  t h e  prev ious  value of  the  i n t e g r a l ,  computed w i t h  

a l a r g e r  s t e p  s i z e ,  so t h a t  t h e  i n t e g r a t i o n  may be c a r r i e d  out  
to any d e s i r e d  degree of accuracy.  

The Simpson's r u l e  a l g o r i t h m  used i n  INTEGRATE 

INVERT: A ma t r ix  i n v e r s i o n  subrou t ine  which u s e s  G r o u t ' s  
method w i t h  row in t e rchanges .  (For sy the ,  1960). 

The program i s  w r i t t e n  i n  SUBALGVL, a compiler  
language i n  use  on S t a n f o r d ' s  IBM 7090 computer. I n  o r d e r  t o  
a l l o w  a more u n i v e r s a l  usage of t h e  program, a v e r s i o n  w r i t t e n  
i n  FVRTRAN I1 i s  a l s o  a v a i l a b l e .  

The t i m e  r equ i r ed  to conver t  a 5 p o i n t  v i r t u a l  
depth  p r o f i l e  t o  a r e a l  depth p r o f i l e  i s  s l i g h t l y  less t h a n  1 

second.  

- 71 - 



APPENDIX Iv. (Continued)  

Input  and Output Data: 

The program r e q u i r e s  a s  i n p u t  d a t a :  
1. Up t o  60 c h a r a c t e r s  of alpha-numeric in fo rma t ion  de- 

s c r i b i n g  t h e  ionogram being reduced.  (-., p a s s  number, d a t e ,  
time ) 

t r a o r d i n a r y ,  i s  to be reduced.  
2 .  A d i g i t  s i g n i f y i n g  which r a y ,  e i t h e r  Ordinary or Ex- 

3 .  The magnetic d i p  ang le ,  I, i n  deg rees .  
4 .  The gyro-frequency, fHv(Mc/s) a t  t h e  l o c a t i o n  of t h e  

s a t e l l i t e .  T h i s  q u a n t i t y  i s  computed f o r  each record  i n  a sepa- 
r a t e  program (Thomas and Sader 1963) .  

5 .  The number of sample f r e q u e n c i e s  and corresponding 
v i r t u a l  depths .  

6 .  The plasma frequency a t  t h e  s a t e l l i t e .  For t h e  O r d i -  
nary r a y ,  f o  i s  used;  f o r  t h e  Ex t rao rd ina ry  r a y ,  f i s  

xv 
used .  

d e p t h s .  For t he  Ordinary r a y ,  f i  i s  used;  f o r  t h e  Ext ra-  

o r d i n a r y  ray,  f x i  

7 .  The sample f r equenc ie s  and corresponding v i r t u a l  

i s  used .  

Output from t h e  program c o n s i s t s  o f :  
1. 
2 .  The gyro-frequency, fHv, a t  t h e  l o c a t i o n  of t h e  

3 .  The plasna frequency,  f o ,  a t  t h e  s a t e l l i t e .  If t h e  

Ionogram i d e n t i f i c a t i o n  a s  s p e c i f i e d  on t h e  i n p u t .  

s a t e l l i t e .  

and Ext raord inary  ray i s  used ,  t h i s  i s  c a l c u l a t e d  from fxv 
f H v  by Eq. (10). 

4.  For  t h e  Ordinary r a y :  The Ordinary r a y  sample f r e -  
quencies  (plasma f r e q u e n c i e s )  w i t h  t h e  corresponding v i r t u a l  
depths  and r e a l  dep ths .  

sample f requencies  w i t h  t h e  cor responding  v i r t u a l  dep ths ,  t h e  
plasma f r equenc ie s ,  corresponding t o  t h e  sample f r e q u e n c i e s ,  
and t h e  corresponding r e a l  d e p t h s .  

5 .  For  t h e  Ext raord inary  r a y :  The Ex t rao rd ina ry  r ay  
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I n  t h e  case  of t h e  Ext raord inary  r a y ,  t h e  plasma f r e q u e n c i e s  
a r e  t h e  ' 'modified" plasma f requencies ,  ob ta ined  by the  technique  
descr ibed  i n  Appendix V I .  
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A P P E N D I X  V. T E C H N I Q U E S  USED TO S Y N T H E S I Z E  T H E O R E T I C A L  

C U R V E S  F O R  AN E X P O N E N T I A L  LAYER 

h i (  f )  

F igures  11 and 1 2  i n  the  main t e x t  r e p r e s e n t  t h e  
h;(f) v i r t u a l  depth p r o f i l e s  one would expect  to observe a s -  
suming a n  exponen t i a l  r e a l  depth p r o f i l e  of t he  form: 

where f o  i s  t h e  plasma frequency and f v  i s  now w r i t t e n  f o r  
the va lue  of  f o  a t  t h e  veh ic l e .  
The Ext raord inary  v i r t u a l  depth i s :  

Ah=hR - d ( A h )  
h p )  = U "Ah=o x 

( A V - 2  ) 

where hR i s  the  r e a l  depth of r e f l e c t i o n ,  t h a t  i s ,  t he  depth 
a t  which 

0 1 or tR = o - -  

A s  before  : 

tR  2 = l-xR ( A V - 4 )  

1 2 2 2  - 

Equation (nV-2) t h e n  becomes, w r i t i n g  a = ( l - f  /fR ) v &. 

d t R  

tR=a c . t  
h i ( f )  = 2J (- 

t -0 ux R- 

or: t -a R- 

R 

d (  Ah) 
h;(f)= 2s t =o GR dxR dtR ( A V - 6 )  
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APPENDIX V .  (Continued) 

The expression in (AV-1)  may be rewritten as: 

o r  

and 

(AV-8)  

Combining this expression with ( A V - 6 ) ,  the expression for the 
exponential layer Extraordinary virtual depth curve becomes: 

t -a GR 
hf(f) x = 2Hf t R- =O - XR dtR 

R 
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APPENDIX V I .  EFFECT O F  VARYING MAGNETIC CONDITIONS 

Figure A V I - 1  shows t h e  v a r i a t i o n  of t h e  gyro- 
f requency,  fH, w i t h  he igh t  from ground- leve l  to 2000 lan 
assuming a n  i n v e r s e  cube-law v a r i a t i o n .  It i s  c l e a r  from 
t h i s  t h a t  t h e  gyro-frequency may vary over the  p a t h  which a 
r a d i o  wave t r a v e r s e s  from t h e  s a t e l l i t e  to r e f l e c t i o n  po in t  
by a s  much a s  0.5 Mc/s when the s a t e l l i t e  i s ,  say,  a t  1400 km 
and the  r e f l e c t i o n  p o i n t  near  the peak o f  the F2 l a y e r .  For 
a c c u r a t e  work, t h i s  v a r i a t i o n  would have to be allowed for i n  
computing t h e  mat r ix  elements i n  C .  - 

The q u a n t i t y  fH e n t e r s  t h e  computation v ia  t h e  
and w i .  More impor t an t ly ,  the  value o f  

$I 
expres s ions  f o r  

f H  a f f e c t s  t h e  l i m i t s  i n  Eq. (11) and i t  i s  t h e r e f o r e  extrerne- 
l y  important  to a l low f o r  t h e  v a r i a t i o n  of fH w i t h  h e i g h t  
f o r  the case o f  t h e  Ext raord inary  r a y .  Unfor tuna te ly ,  i n  prac-  
t i c e ,  this cannot be done d i r e c t l y  s i n c e  t h e  h e i g h t  h c o r r e -  
sponding t o  a p a r t i c u l a r  value o f  the plasma frequency i s  i n  
f a c t  t h e  unknown i n  t h e  c a l c u l a t i o n  so t h a t  t h e  a p p r o p r i a t e  
va lue  of fH cannot be determined. It appears  adequate ,  how- 
e v e r ,  to read  i n t o  the machine the  va lue  o f  
and to c a l c u l a t e  t h e  N ( h )  p r o f i l e  u s i n g  t h i s  parameter .  The 
plasma frequency a t  a g iven  he igh t  i s  then  co r rec t ed  us ing  t h e  

r e l a t i o n s h i p  

f H  a t  the v e h i c l e  

1 2 
= fi + fxifHi f x i  

2 

where t h e  fH used i n  Lhis foimidla CGrrzspQnds t c !  t,hp f'-- a t  
the  c a l c u l a t e d  r e a l  depth,  assuming an  i n v e r s e  cube v a r i a t i o n  
of 
depth i n  ques t ion .  T h i s  technique was suggested by Doupnik 

H 

f H  from the value a t  t he  v e h i c l e  to t h a t  a t  t h e  r e a l  

(1963) 
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